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ABSTRACT: Motivated by applications to black hole physics and duality, we study the effect
of higher derivative corrections on the dimensional reduction of four-dimensional Einstein,
Einstein-Liouville and Einstein-Maxwell gravity to one direction, as appropriate for sta-
tionary, spherically symmetric solutions. We construct a field redefinition scheme such that
the one-dimensional Lagrangian is corrected only by powers of first derivatives of the fields,
eliminating spurious modes and providing a suitable starting point for quantization. We
show that the Ehlers symmetry, broken by the leading R? corrections in Einstein-Liouville
gravity, can be restored by including contributions of Taub-NUT instantons. Finally, we
give a preliminary discussion of the duality between higher-derivative F-term corrections
on the vector and hypermultiplet branches in N = 2 supergravity in four dimensions.

KeEYWORDS: Black Holes, String Duality, Black Holes in String Theory|.

*Unité mixte de recherche du CNRS UMR 7589
tUnité mixte de recherche du CNRS UMR 8549

© SISSA 2007 http://jhep.sissa.it/archive/papers/jhep092007103/jhep092007103 .pdf


mailto:ymichel@clipper.ens.fr
mailto:pioline@lpthe.jussieu.fr
http://jhep.sissa.it/stdsearch

Contents

=

Introduction and summary

=

(V]

Spherical reduction and higher-derivative terms
R.J] Pure Einstein gravity

R.3 Einstein-Liouville gravity

R.J Einstein-Maxwell gravity

E Em@@

Ehlers symmetry restored

C-map with higher derivative corrections

1. Introduction and summary

In the study of stationary, spherically symmetric solutions to Einstein’s gravity, possibly
coupled to Maxwell and massless scalar fields, a useful trick is to first dimensionally reduce
the action along the time-like Killing vector, and then only to enforce spherical symmetry
of the three-dimensional spatial slices [l. The advantage of this two-step procedure is that
three-dimensional gauge fields arising in the reduction can be dualized after the first step
into pseudo-scalars, leading to a non-linear sigma model with target space M3, coupled to
three-dimensional gravity. The second step leads to a one-dimensional dynamical system
describing the geodesic motion of a fiducial particle on the cone Rt x Mj. The factor
R describes the radius of the two-sphere, while M} is an analytic continuation of the
moduli space M3 arising in the usual Kaluza-Klein reduction along a space-like direction,
leading to a metric with indefinite signature. In many cases, M3 has a larger group Gz
of non-compact symmetries beyond those already manifest in four dimensions (G4), which
may allow to integrate the geodesic motion explicitly.

The simplest examples where this procedure has been useful are Schwarzschild-NUT
black holes in pure Einstein gravity, which correspond to geodesics on the Poincaré upper
half plane SI(2,R)/SO(2) [. The Si(2,R) action on this space, often known as Ehlers’
symmetry, relates static solutions with solutions with non-zero NUT charge [f, ff]. Sim-
ilarly, Reissner-Nordstrém-NUT black holes in Einstein-Maxwell supergravity correspond
to geodesics on SU(2,1)/51(2) x U(1) [[l, [l (see also the review [ on this and other issues
to be discussed below). The reduction of four-dimensional Einstein-Maxwell theories cou-
pled to scalars valued in a symmetric space G4/K4 was worked out in [, ff], leading to a
non-linear sigma model on G3/K3, whose relation to G4/ K4 can be most easily expressed
using the language of Jordan algebras [§]. These theories are bosonic truncations of a spe-
cial class of N = 2 supergravity theories with symmetric moduli spaces [d]. More generally,



the reduction of N = 2 supergravity coupled to ny Abelian vector multiplets leads to a
non-linear sigma model on a para-quaternionic-Kéhler manifold M3y of dimension 4ny + 4,
known as the c*-map of the four-dimensional moduli space My [[(-[[). For a particular
class of geodesics, corresponding to BPS black holes, the motion can be fully integrated
(both classically and quantum mechanically) [[[J], and reproduces the usual attractor flow
equations controlling the radial evolution of the scalars on My [[13, [

In all of these examples, the starting point was Einstein-Hilbert gravity in four di-
mensions coupled to abelian gauge fields and scalar fields, with canonical two-derivative
kinetic terms for all fields. In general however, there are higher-derivative corrections to
the four-dimensional effective action coming from integrating out massive modes in the full
quantum theory, suppressed by inverse powers of the Planck mass mp. A prime example
are the R? corrections, which play an essential role in accounting for the microscopic en-
tropy of “small black holes”, whose horizon is singular in the two-derivative approximation:
such corrections become dominant near the singularity, and lead to a smooth near-horizon
geometry in agreement with thermodynamical expectations [[[4—[[9, fj]. Higher derivative
corrections are also important for regular black holes when trying to account for finite size
corrections to the thermodynamical limit.

The main goal of this work is to analyze the effect of such higher derivative gravita-
tional corrections at the level of the dimensional reduction from four space-time dimensions
to one radial dimension. Our approach is also suitable for analyzing higher-derivative cor-
rections to the usual Kaluza-Klein reduction from four to three space-time dimensions, as
we discuss further below. On general grounds, one expects higher-derivative corrections
to the geodesic motion on R™ x M3, preserving only the symmetries which originate from
gauge and diffeomorphism invariance in four dimensions. As usual when working beyond
two-derivative order, the exact form of the higher-derivative corrections is largely ambigu-
ous due to the freedom of performing field redefinitions. A preferred frame is one in which
only powers of first derivatives of the scalars appear, as it removes spurious modes found
in other schemes [[[g, [7], and is amenable to canonical quantization by standard means.
Moreover, it is also the natural frame in which to assess the existence of hidden symmetries,
as will become clear shortly.

As the first part of our investigation, we consider pure Einstein gravity in four di-
mensions, with an arbitrary combination of the three curvature-squared invariants, and
study its dimensional reduction on stationary spherically symmetric geometries. We show
that all higher-derivative corrections in the one-dimensional Lagrangian can be removed by
suitable field redefinitions. This could be anticipated from the fact that R? corrections in
four dimensions can always be related to the Gauss-Bonnet density by an appropriate field
redefinition of the four-dimensional graviton [0, BJ. This is no longer true in the case of
Einstein gravity coupled to a scalar field ¢, which we study next: allowing the coefficients
of the R? terms to depend on ¢, we find that there exists a frame where only powers of
first derivatives of the fields appear (with always at least one power of the first derivative
of ¢, in agreement with the triviality of R? corrections with constant coefficients). Finally,
we perform a similar analysis for Einstein gravity coupled to a single Maxwell field with
general four-derivative couplings (but restricting for simplicity to the static case, rather



than stationary). We find that higher-derivatives cannot in general be eliminated by field
redefinitions, but that a first order scheme can still be found. We note that extremal so-
lutions exist only when the coefficient of (F, 31,)2 vanishes, which may originate from the
possibility of supersymmetrizing the higher-derivative corrections.

As indicated above, our analysis also addresses the effect of higher-derivative correc-
tions on the usual Kaluza-Klein reduction on a space-like direction, after analytic con-
tinuation of the scalar fields in the Maxwell directions. Of course, since we perform the
reduction in the spherically symmetric sector only, the higher-derivative corrections in
three-dimensions are only determined up to some tensor structure ambiguities.

In this context, an interesting question is whether higher-derivative interactions can
be consistent with the extended non-compact symmetries (G3) that were present at tree-
level, or at least with a discrete subgroup thereof. This question was raised long ago
in the context of T-duality [P, RJ, where it was found that o’ corrections to the T-
duality rules could be reabsorbed by field redefinitions, leaving an action invariant under
R — 1/R. In the context of U-duality, the same question arises as to whether higher-
derivative interactions, beyond the already well understood gravitational sector, preserve
the duality symmetry G3(Z) = Fg)(Z) of M-theory compactified on a eight-torus [23, p4].
Since an SI(2,R) subgroup of G3 originates in the Ehlers symmetry of the reduction of
four-dimensional Einstein gravity to three dimensions, we can investigate a toy version of
this problem, and ask whether a discrete subgroup of the Ehlers symmetry can be preserved
by R? corrections. For pure Einstein gravity, the answer to this question is trivial since
such corrections can always be removed by field redefinitions. We therefore address this
problem in the context of Einstein-Liouville theory, where such corrections are non-trivial,
and break the Ehlers symmetry at order o/. Having found a frame where only powers of
the first order derivatives of the scalar fields appear, it is straightforward to restore the
invariance under a discrete subgroup S1(2, Z) of Ehlers symmetry: after upon expressing the
Lagrangian in powers of the right-invariant form p in S1(2)/ U(1) and its complex conjugate
P, with weight one under U(1), it suffices to replace the coefficient of any term proportional
to p™p" by a generalized Eisenstein series fs p—m—, with U(1) weight & = m — n, of the
type considered in [2H, Rd]. For s = 1, the case relevant for R? corrections, fs,x can in
fact be expressed in terms of ordinary almost holomorphic modular forms. The difference
between the Si(2,7Z)-invariant and the original dimensionally reduced Lagrangian can be
attributed to Taub-NUT gravitational instantons, as well as loops of gravitons running
along the compact circle. Thus, we give a precise realization of the general expectations
expressed in [23, P4].

Finally, a third motivation for our work is to further our understanding of the du-
ality between hypermultiplets and vector multiplets in three dimensions beyond the two-
derivative level. In type II string theory compactified on a Calabi-Yau three-fold Y times a
circle, T-duality along the circle exchanges the hypermultiplet and vector multiplet moduli
spaces of the type ITA and type IIB theories, respectively. Since the hypermultiplet sector
is independent of the size of the circle, and since the metric for the three-dimensional vector
multiplets is given by the c-map of the four-dimensional vector multiplet metric, this im-
plies that, at tree-level, the four-dimensional hypermultiplet space is given by the c-map of



the four-dimensional vector multiplet space of the dual theory [[[0], [[1]]. The hypermultiplet
metric is further corrected by D-instantons, dual to black holes winding around the circle
on the vector-multiplet side. It is natural to guess that the same argument should relate
the R2F?h=2 “F_term” higher derivative corrections on the vector multiplet side in four
dimensions to the (V25)2(VZ)?"~2 “F-term” higher-derivative corrections on the hyper-
multiplet side. Here (S, Z) denotes the two chiral fields of the universal hypermultiplet [27].
In section ], we give a preliminary analysis of this problem in the simplest case with h =1
and (ny,ng) = (0,1), and conclude that the identication between F; and F} is more subtle
than commonly thought.

The organization of this paper is as follows. In section 2, we discuss the reduction
of four-dimensional Einstein, Einstein-Liouville and Einstein-Maxwell gravity with four-
derivative corrections to one radial dimension, and find suitable field redefinitions such
that the resulting Lagrangian involves only powers of first derivatives of the fields. In
section 3, we discuss the restoration of Ehlers symmetry via instanton corrections. In
section 4, we give a preliminary discussion of the relation between the higher-derivative
F-term couplings F; and F} on the vector and hypermultiplet branch in three dimensions.

As this work was finalized, we received [BI]], which has some overlap with the results
in section 3. Note added: After the first version of this paper appeared on the archive, the
authors of [BJ| pointed out that R? corrections in pure Einstein gravity can be completely
removed by field redefinitions, not just in the sector with flat sections as we erroneously
claimed. In this revised version, we extend our discussion to the case of Einstein-Liouville
gravity, where R? corrections are non-trivial and do break the Ehlers symmetry.

2. Spherical reduction and higher-derivative terms

2.1 Pure Einstein gravity

In this section, we study pure gravity in four dimensions, with four-derivative corrections
to the Einstein-Hilbert action:

S = [ dtov=gi [RY+a (BEP - (ROP) + SRR+ Ry +ofe)] ()

and o(a’) denotes further higher derivative corrections derivatives, which we assume to
be negligible compared to the four-derivative interactions displayed in (R.1]). Throughout
this paper, we work perturbatively in («,3,7) ~ . Since the Gauss-Bonnet density
Ry = [Rl(ﬁ,)po]2 - 4[Rf§,)]2 + [R™W)? is a total derivative in four dimensions, we set v = 0
in this section. The action (R.I]) can then be specialized to the Riemann tensor squared
[Rl(ﬁ,)po]Q or the Weyl tensor squared [W;S,%),)U]Q forms by setting a = 35/4 or @ = /6,
respectively.
In the presence of a time-like Killing vector, the four-dimensional metric may be written
as
ds* = —e?Y (dt + w)? + e 2V ds3 (2.2)

where the scalar U, Kaluza-Klein one-form w and spatial three-dimensional metric ds% are
independent of the time coordinate ¢. The action (R.I]) may then be reduced along the



ansatz (R.3), leading to
1
Sy = / Pr/gs [R(3) —28,U% + 562U F2+0(d) (2.3)

where Fj; = Ow; — Ojw;. The choice of powers of eV in (@) ensures that the three-
dimensional action is obtained in the Einstein frame. The terms O(«’) coming from the
reduction of the four-derivative terms in (2.])) are somewhat cumbersome to obtain. For
simplicity, and motivated by application to black holes, we further restrict to spherically
symmetric solutions,

ds? = —e?V (dt + kcosfdg)? +e 2V [NQ(p) dp? + r%(p) (d6?* + sin? 0 qu)Z)] (2.4)

The integer k, often known as the NUT charge, describes the first Chern class of the
Kaluza-Klein gauge field over the two-sphere at infinity; it can be dualized to a three-
dimensional scalar ¢ by adding a Lagrange multiplier ko’ to the action!, which ensures
that k is a constant of motion. It is worth emphasizing that the ansatz (R.4) follows
entirely from the assumed isometries, in particular the Kaluza-Klein connection & cos 8 d¢
is unaffected by higher-derivative corrections to the Einstein-Hilbert action, and o’ will
continue to be related to k by Legendre transform. The lapse variable N(p) can be viewed
as an einbein along the radial direction p, and ensures that the resulting one-dimensional
action is invariant under diffeomorphisms of p. For convenience we shall often set N(p) = 1,
the dependence on N can be reinstated whenever needed by demanding reparametrization
invariance.

It is now straightforward, if tedious, to compute the curvature invariants of the met-
ric (-4), and integrating over the sphere coordinates 6, ¢ to obtain the one-dimensional
Lagrangian. At two-derivative order, we find the familiar tree-level result

r 2 ) U’ 2 e4U ) .
= 2N — ] - — —k 1 k 2.
Lo <N> T <N> +4T2 +1| +ko (2.5)
_ 3 22 (U2 + le—4UU/2 + N? (2 6)
N 4 ’

where in the second line we have performed the Legendre transform over the NUT charge
k. The term in bracket is recognized as the metric on the cone Rt x S1(2,R)/ U(1) where

=0 +ie?V (2.7)

is the standard coordinate on the upper half-plane. Stationary, spherically symmetric
solutions of Einstein gravity in four dimensions are therefore described by the geodesic
motion of a fiducial particle with unit mass on R x S1(2,R)/ U(1). The SI(2,R) symmetry
acting on 7 by fractional linear transformations

ar +b
cr+d’

T —

(2.8)

'In the following the primes denote p-derivatives.



is Ehlers’s symmetry mentioned in the introduction.
Including the four-derivative interactions, and setting N = 1, we arrive at £ = Lo+ L

where
€2U
L1 = (=20 +45)—5 + (8a —83)™ U™ + (—4a + 83)e* U” (2.9)

.

2U .12 eQU 177! 2U7“”
+(da — 80)—5— + (~8a + 160) + (120 — 1653)

e2U 14
+(=10a +168)e*r" + (—2a + 48) —5— + (16c — 328)e¢'r"U’
T
+(=8a + 248)e?V r2U"? + (8a — 163)e2V rr' U™ + (4o — 83)e2Vr2U2U"
e2U 12,01

12a 4+ 16) ——— + (8av — 16ﬁ)62UTT”U"
T

(
(
+(
+(4a — 83)*Ur2U" + 1662 ' U'U”
(

e2U 3777
+(=8a + 166)e2Vri""U"? + (8o — 163) ——— + 282V r2U"™ + 42U r2U"?
r
08U 1! eSU 1177 eSU
+(20 — 48)k? 5 (200 + 406) k> 5 (o 4 20)k? >
6U 7712 6U 6U .12 10U

€ e r

U e 1 e
_ 2 2 _ 2 - L 4
+(2a — 20)k 2 + 20k " 20k " + <2a+ 45) k o

It is worth noting that Lo and £; are homogeneous, of degree 0 and —2 respectively, under
the global symmetry

p—elp, Ulp)—Ulp) +1, rlp)—erlp), k—k (2.10)

This reflects the homogeneity of the Einstein-Hilbert and R? terms, respectively, under
global rescaling g, — eZlgW.

The Lagrangian £ should be supplemented by the Hamiltonian constraint, or Wheeler-
De Witt equation, coming from the equation of motion of N. The latter can be reinstated
by replacing all derivatives with respect to p by covariant derivatives V, with respect to
the world-line metric v,, = N 2. contracted with appropriate powers of the inverse metric.
This task is greatly simplified if one first performs field redefinitions and integration by
parts such that the resulting action only involve powers of first order derivatives of U(p)
and r(p). The most general redefinition? is

or = <—go¢ + 4ﬂ> U 4+ (—a+28)e?Vr'U’ + (2a — 48)e2V rU”

1 2U 2U ,.12 6U
+ <ZO¢ — ﬁ) 2Vru”? + wleT + xze ! + wger—ng (2.11)
3 €2U7"12 1 €2U7"/Ul €2U e6U
6U — <§a_3ﬁ> T2 +§Oé . _/BGQUU,/+y1r—2+y2€2UU’2+y37k2

2 Additional first-order terms proportional to e?Vr’/r and €YU’ /r would spoil one-dimensional diffeo-
morphism invariance and are therefore not considered. Moreover, we do not allow for field redefinitions of
k, since k corresponds to a conserved charge.



where x1,x9,T3,Y1,y2,y3 are six arbitrary parameters, which can be chosen at will to
simplify the form of the final Lagrangian. After dropping a total derivative, the Lagrangian

L becomes
62U 2U,r/2
L =2+2r"7 272U + k2+ka + (—2a + 48)—5 + (16cc — 2403 — 4z1) —
T T
2U7°' !
+(—32c 4 483 + 81 + 8y1) + (160 — 248 — 4x — 8y1)e*V U™
4 2U ,.14 152 8 2U /3U/
n <—6a 1983 — —a;Q) ¢ T; n (28a - B x2> cere
112
+ <§ - —B ) 2Vrr'U"
0 8 8 2U, 27714 2U 1271712
+ §O‘+§B_§y2 e/ reU"™ + (=25 + 600 — 4xg)e r"*U
1 1 46IOU e6U 5
+ <§Oé+ Zﬂ—x3+2y3> k 7 + (26—1‘1 +2y1)7k
33 6U .12 6U Iyt
n <70z — 328 — 29 — 12x3> C T k24 (—25a+ 588 + 24z + 16y3) k2
31 eV
- (Za — 250 — dxg + 2y — 24y3> = k> (2.12)

This may be further simplified by reinstating the einbein N, and making use of the free-
dom to perform field redefinitions of N preserving the property that the Lagrangian only
contains powers of first derivatives of fields:

2U 2U .12 2U 177! 6U
ON = t16—2 + t9 € + t3€2UU/2 +ty € + t56—4]€2 (213)
r r
The Lagrangian becomes
€4U
E = 2+27°I2 —27”2Ul2+ Fk2+k0'l (214)
r
e2U 2U .12
+(—2a+ 48+ 2t1)ﬁ + (16cv — 248 — 4xy — 2t1 + 2t2)7

2U 1771

(—3204+483+8x1 +8y1 + 2t4) + (16a — 2483 — 4xy — 8yy + 2t; + 2t3)e*V U™

4 2U 14 152 ] 2U 13771
+< 6a+28ﬁ——x2—2t2> ¢ r; n <28a— kil BN x2—2t4> cre
38 112 16
+ (; — 5B+ gmt 2t4> Vrr'U"
5 8
+ <§a +36- —y2 + 2t3> Ur?U"™ + (=25a + 6083 — 4z + 2ty — 2t3)e” U
1 1 el0U 1 o8U
+( 5o+ 8—a3+2ys + t5 k' + (28 — 21 + 251 + oty + 25 ) — K
2 4 70 2 r
1 6U .12
+ <7(X — 320 — x9 — 1223 + 2t2 — 2t5> er k2



1\ Uy
n (—25a 4 583 + 24xs + 16y + §t4> LR
T

+ (Za — 2503 — 4x3 + 2y — 24ys + 5753 + 2755) ¢ D) k2
r

Remarkably, there exists a unique choice of the field redefinition ambiguities such that £
reduces to its tree-level answer,

11 9
xlzza—f)ﬂ, xgz—Zoz—i—?ﬂ, x3:E(17a—36ﬁ)
3 13 1
p=-5a+38, p=--a+ldf, y3= g(—?’a +28), (2.15)
3 19 21
th =a—20, t2:—§, t3:—7a+166, ty = 1la — 163, t5:§a—6ﬂ

We conclude that in the stationary, spherically symmetric sector, R? corrections to Einstein
gravity can be completely eliminated by field redefinitions. In particular, the Ehlers symme-
try is unbroken at this order. This result could have been anticipated [B3] from the fact that,
using field redefinitions of the four-dimensional graviton of the form dg,, = K1 R +k2g,u R,
the R? corrections can always be related to the Gauss-Bonnet density, which is a total
derivative. Clearly, higher order corrections such as R* cannot not be eliminated in the
same fashion. Such terms have been discussed in [B1].

2.2 Einstein-Liouville gravity

We now consider Einstein gravity coupled to a scalar field ¢, and allow an arbitrary de-
pendence of the R? couplings in (R.1]) on ¢,

S = / d'zy/=g [34 +5(06)° +a(6) (BP — [RYP) + 6(6) (RO + w(qb)RéB]
(2.16)
In particular, the term proportional to the Gauss-Bonnet density is no longer a total
derivative, and we no longer expect to be able to remove all higher derivative corrections
by field redefinitions. In the rest of this section we will refrain from displaying the ¢
dependence, and will indicate ¢-derivatives with a subscript, e.g. ay = do/d¢.

We now proceed as in section R.1], by first performing field redefinitions and integrations
by parts such that only powers of first derivatives appear in the Lagrangian. The most
general field redefinition of 7 and U compatible with these requirements is again (2.17),
while the field redefinition of N must be generalized to

2U 2U .12 2U 1771
e e 7“1/
ON =t1— +1 + 320U + 14
T

S (2.17)
6U 2U .1 41
+t5er—4k2 + t6€2U¢I2 + t7€2UU/¢I + t8 e r ¢

and an extra field redefinition of ¢ must be introduced,

62U7J¢/ 2U 6U

§¢ = (ba — 8f3) + (4o +83)V U ¢ + zler—Q + 20€?Y ¢ + 2367“—4]{2 (2.18)




Moreover, all coeflicients x;,y;, z;,t; may now depend on ¢. The full Lagrangian reads,
after dropping a total derivative:

_ 19 2 27712 etV 2 / eV
E—2+§r¢ + 27" = 2r°U +—22k + ko +(—2a+4ﬁ+2t1)—2
T T

2U /U/

+ (160 — 2403 + 2t; + 25 — dzy — 8y1) 2V U™ + (32a+486+2t4 +821 +8y1) =

Vs 1 2U 12
+ (16a — 2408 — 2t1 + 2ty — 4.%'1) 3 + —§t1 + 2t + x1 + 21,4 | € 10}
T

62U7‘/¢I

4
+ (—120[¢ + 16ﬂ¢ + 2tg + 4$17¢ + §$27¢ — 221> .

+ (4OZ¢ - 8B¢ + 8’}/¢ + 2t7 — 4y17¢ + 221) BQUU,gb,
) 1 4 1 2
+ <204¢ - 4ﬁ¢ - tg — §ZQ> U I¢/3 + (—204(;5 + 4ﬁ¢ - §t7 + §ZQ> €2UUI¢/3
15 1 e2Ur3gy
T <—7a +126 = Sty — 215+ m2> U242 4 (day — 160, — 2tg) +¢

15 1
+ (‘Z +76 = 5ta + 2756) eUr?UP ¢ + (=250 + 608 + 2ty — 2t3 — 4xy) 2V rU"

1
+ (—agp — 484 + 1674 + 2tg) VU ¢ + <8a — 148 — —t4> Urr'U’ ¢

38 112 16
+ (=10 + 20834 — 8y — 2t7) 202U + (ga - B2+ §y2> Uy 3

4 4
3Oz¢ — —ﬁ¢ — 8’7¢ + 27f7 — gyz ¢> BZUU/3¢/

152 8 2U /3Ul 28 4 2U .14
2o~ o= = 24 + 5 i batSp 2ty man | St
3 r 3 3 2

1 )
+ 5 6 + 22 ¢> €2U7°2(b/4 + <—

+

+

8 8
S 9. _ 2 2U, 27774
< 3a+3ﬂ+ t3 3y2>e r°U
e6U 1 1 66U 2
+ <2ﬂ + —t1 + 2ts — 21 + 2y1> —4k2 + <—§t5 + §t6 + 23 + 23,¢> k>

31 U
+ Z — 250 + t3 + 2t5 — 4wz + 2y9 — 24y3> 72 K
1 oU /Ul
+ 260+ 588 + St + 243 + 16y3> : 7; K
T
33 1 "
+ | —a—328+ t2—2t5—x2—12$3>e 47“ K
5 @ r
9 6U I(b/
+ (500 + 885 — 4y, + fs+4~’63¢—4z3> =
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10U

e
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While there is no longer any choice of the coefficients x;, y;, z;, t; which removes all higher
derivative corrections, enforcing the same field redefinitions as in (R.15) (with all coeffi-
cients being now functions of ¢) ensures that all higher derivative contributions become
proportional to ¢’. This leaves six field redefinition ambiguities, which may be used e.g. to
eliminate terms of cubic and quartic order in U’ and k:

3
21 = -8y 22 = —7(ap =205 + 279),
1
23 = —2’)/(;5 y tg = —§ﬁ — 23,45 (2.19)
1
t7 = =Sy + 1085 +4v4 , tsg= 30+ 265 — 874

Finally, we perform the Legendre transform over k, obtaining

1 1
L =2+ 57”2¢I2 + 27"/2 — 27°2U/2 — 5674U7"20'12 (220)
9 1 1 1
" (ZO‘ — - 4’Y¢¢> e + (Zﬁ — e+ §ﬁ¢¢> e*Ur?gf

62U7“/3¢/

13
+ <Zo¢¢ — 7B¢> e2VUrr! ¢ + (—9a + 2008 — 4’)/¢¢)62U’I“/2¢/2 + 1674

)
_|_ <§C¥ _ 6/3> 62UTT/UI¢/2 _ 16’}/¢62U7"12UI¢/ _|_ (Oé _ 2/8 + 4'}/¢¢)62U7"2U/2¢/2

1 1
+ <_ZO‘ + §ﬁ _ 74545) 672UT2¢/2UI2

In contrast to the pure gravity case, the higher-derivative terms now break the tree-level
Ehlers symmetry (2.§) explicitly®. In section B, we will show how the symmetry under a
discrete subgroup of SL(2,R) can be restored by including the contribution of Taub-NUT
instantons.

2.3 Einstein-Maxwell gravity

We now study the dimensional reduction of Einstein gravity coupled to an abelian gauge
field A, in the presence of higher derivative corrections of the form:

1
S = /d4xs/_—g [34 = 1 Fi +a(BP = [RYP) + 5 [RYP? (2.21)
+21 Fu FypForFay + 22 (F,)° + 23 VEFYPN y Fyp + 24 R (Fpu)? + 0(d!)

where F,, = 0,A, — 0,A,. As before, we restrict to stationary spherically symmetric
configurations of the form (R.4)).
At two-derivative order, it is known that the reduced Lagrangian describes the geodesic

motion of a fiducial particle on (a real cone over) the dimension 4 symmetric space

3Strictly speaking, we cannot rule out that the S-matrix computed from the Lagrangian () preserves
Ehlers symmetry, although we find this possibility very unlikely.
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SU(2,1)/S51(2) x U(1) [A-B]. The four scalars correspond to the scalar U, the time compo-
nent ¢ of the Maxwell field Ay, the pseudo-scalar ¢ dual to the reduced Maxwell field A;,
and the NUT potential o dual to the Kaluza-Klein connection w;. Translations along the
three axionic scalars (, f ,o are generated by three conserved charges ¢, p, k corresponding
to the electric, magnetic and NUT charges, respectively; they satisfy an Heisenberg alge-
bra [p,q] = —2k, as a result of the non-trivial fibration of the o direction over the (¢,¢)
plane. For simplicity, we shall restrict to static configurations with vanishing NUT charge,
k = 0. This allows us to express the electromagnetic field-strength directly in terms of the

conserved charges p, q,

2U
F=psin0df Ade+iq——dt Adr (2.22)
The invariants are then
eQUN
—guF2, =2 (P + ¢?) (2.23)
5 o 6UN

V—ga(F,)" = -2 (' +4q" (2.24)

S GGUN 2 242
_g4FuuFupr)\F)\u =4 6 (p +q ) (225)

e4U v — U’ 2
\% _g4quupquup = 12(T4)(p2 + q2) (226)

We now proceed as in section R.1], performing field redefinitions and integrations by parts
so that only powers of U’ and 7’ appear in the Lagrangian:

2U 2U .12 4U
€ err e 5
or = x1— + X2 +x3_3 (p2 q2) < ‘o 45) 2U !
T T r 2

1
+(—a+26)e2V U + (2a — 43)2VrU" + <Za - 6) e2Ury”

e?V etV 3 e2Up2 1 2U !
oU =y + y2e* U™ + +y37(1)2 +q%) <2a - 3ﬁ> e — - B2V U

62U 62U’I“/2 2U’l“/ / 4U
ON = ti— +tr— + 132U + 14 +t5—(p +¢%)

After dropping total derivatives the Lagrangian becomes

L—2+2r’2—2r2U’2—£(2+ 2) 4 (=20 + 48 + 2t & 2.27

= 52 ("4 e! )3 (2.27)
2U .12 QUT‘,U/

+ (=320 + 480 + 8z1 + 8y + 2t4)

+(16a — 246 —4dxy — 261 + 2t2)
+(16a — 240 — 4xy — Sy1 + 2t + 2t3)e?V U™
28 4 2U .14 152 8 2U I3Ul
+ (—Ga T R 2t2> L+ (28a — B+ g - 2t4> SRS
T T

38 112
< 397 —ﬁ —y2 + 2t4> U’y
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5
+({z0+3 B——y2+2t> Ur2U™ + (=250 4 608 — 4ag + 2ty — 2t3)e”Vr2U"

1
+ 5 +2t5+ﬂ:1—y1+424> Wrt(p® + ¢%)
1 a2
+{ —gte = 25 + w2 — 1225 + 1225 — 2824) (" +¢%)
1 AU,
+ | —gta + 1623 + 16y5 — 2425 + 4824) (r* + 4
1

AU

+ (—5753 + 2t5 — 4wy — yo — 16y3 + 1223 — 2024) (p2 + qz)

Uy o Vg
+ ——f5+$3—y3+421 T—6(p +q°) —222T—6(P +q°)

Contrary to the pure gravity case, it is no longer possible to cancel the higher-derivative
corrections by appropriate choices of the field redefinition ambiguities. A convenient choice

is to set
9 2
x1 = —a— =(76+4 8z + 23),
8 5
S + 703
Ty = 40& s
4 9
T3 = —3—2a —ﬂ — 54 + 1078~ 224
n= 15 (5a + 320 + 1282 + 1623) ,
13
Y2 = _705 + 13B’
1
Y3 = —2—0(1Oa — 98 — 1621 + 4029 — 1223 + 2024, (2.28)
t) = O(85a + 16(—80 + 821 + 23)),
. 3
2 = 2@,
19
t3 = —70[ + 16,

ty = 1la— 163,

1
ts = g5 (450 + 168 + 38421 + 4825 — 16024)

leading to the Lagrangian

2U 2U 6U
e 13 44 8 e e
L= 2—1—27"'2—27“2U'2—2—702(p2+q2)+ (7 ——ﬁ z1+5z3> 74—422?]92(12
4U7,/ !
(=170 + 248 — 3229)

85 e4UU12
(P*+¢*) + <Zoz — 3083 + 3222) = (P> + ¢*)

This makes it clear that higher-derivative corrections can be eliminated only when the five
couplings in the bare Lagrangian satisfy the three relations
24

a= ﬁﬂ, 20=0, 8z +23=-a/6 (2.29)
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It is of interest to study whether the Lagrangian (R.27) admits solutions with flat spatial
slices, as is necessary for the existence of extremal black holes. To answer this question, one
must check whether the choices N = 1/p? and r = 1/p are consistent with the equations of
motion of N and r. Computation shows that this is case only when zo = 0. This is in fact
part of the rationale for the choice (2.2§), since, for general field redefinition ambiguities,
the conditions for the compatibility of flat slices are given by

29 =0

T 4—10(—265a + 48803 + 20ty — 4022 — 12821 — 1623)

T3 = —3—2(14—%6— §z1+%z3—22’4 (2.30)
b = %a n 1—10(—1446 — 10ty — 5ty + 6421 + 823)

ty = —24—9a + %(216 — bt5 + 2421 + 323 — 1024)

satisfied by (R.2§). Thus, we find that the assumption of the existence of extremal black
holes (more specifically, the consistency of the reduction to flat spatial slices) requires that
there should be no (F?)? term in the Lagrangian. It would be interesting to relate this
condition to the possibility of supersymmetrizing the Lagrangian (2.21)).

3. Ehlers symmetry restored

One of the main results of the previous section is that there exists a choice of field redefini-
tions such that the one-dimensional Lagrangian describing four-dimensional gravity in the
stationary, spherically symmetric sector involves only powers of first derivatives. While this
choice ensures the absence of spurious modes and at the same makes the canonical quanti-
zation straightforward, it is also a particularly convenient frame to discuss the invariance
under the Ehlers symmetry S1(2,R).

Indeed, returning to the Lagrangian (.19) for Einstein-Liouville gravity with general
spatial slices, we may perform the Legendre transform® over the NUT charge k, so as to

express the result as a function of U’ and o¢’. It is useful to change basis to
p=2iU"+e Yo', p=-2U" 42V, (3.1)

where p = (dr/dp)/me is (the pull back of) the left-invariant one-form on Si(2,R)/ U(1),
transforming by a phase under the action (B.§) of Si(2,R),

- <CT+d>p (3.2)

cT+d

4Consistently with our perturbative analysis, one should retain only the branch where o’ = —ke™4V /2 +

o).
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This leads to the Lagrangian

1 1 9 1
L=2+2"7+ 57“2(25'2 - 57“2]?15 + <Za - 58— 47¢¢> e2Ug? + Zﬂewr%"l
13 02U 13

+ <ZC¥¢ — 7ﬁ¢> €2U7”7"/¢I3 + (—904 + 20ﬁ — 4’)’¢¢) 62U7“/2¢/2 + 167457@5

1 1 . ) 3 _ . _
+ <—Za¢¢ + 55@) Ur2g i (—ga—i- 56) eVrr' ¢ (p — p) + 4ivse*Vr¢' (p — p)

1 1 1 _
+ <—§a +308- 57¢¢> eUr?¢”(p* + p7)

This Lagrangian can be made invariant under a discrete SI(2,7Z) subgroup of the Ehlers
symmetry provided any term am,newpmﬁ” is replaced by fi m—n (T, 7)p"p", where fi,—p

is a modular form of modular weight 0, U(1) charge m — n behaving as fy,—, ~ am,neQU
in the limit where U — oco. Such modular forms have already made an appearance in the
physics literature in discussions of the S-duality invariance of the type IIB string in ten

dimensions [R5, Pg] and can be expressed as generalized non-holomorphic Eisenstein series

TS
for(m,7) = 2 (3.3)
(p7q§070) (pT + @) TF(pT + )5

which satisfy fsk = fs—k. Under modular transformations the functions fs (7, 7) trans-

form as:
ct +d

ct+d

for(r7) - ( )k for(r,7) (3.4

The leading behaviour as U — oo uniquely selects s = 1. Using the identity

(k +2im207) for = (s + k) frm1 (3.5)

and the known expression for fi g,

fro = —mlog(ma|n(T)[*) (3.6)

it is easy to express fs—1x for relevant values® of k in terms of the standard holomorphic

and almost holomorphic modular forms Fy, Eg and EQ = Fy — W—?;Q:
2Ty o 73 2
fian=—5"E, fro =g By — E3) (3.7)
7747'5’ - 3 7T57'§1 2 a2 2 frd
f173 = 31 (2E6 —3FEyFE, + EZ) , f1,4 = 394 (3E4 — 8y Fg + 6E2 Ey — EZ) (38)

The large radius 7 — oo expansion for these functions reads:

7'1'2 s

fig=5m—7+0 (e7™), (3.9)

5The Eisenstein series f1,3 and fi1 4 would become useful if we chose not to eliminate the cubic and
quartic terms in U’ and k in ()
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which also applies to & = 0 upon replacing 1/k by log 75. The Lagrangian (B.J) can then
be covariantized under SI(2,Z) into

1 1
Lcov =2 + 27J2 + §T2¢l2 - 5702}7}5 (310)

9 ; 1s7
+ <ZCY — 56 - 4r}/¢¢> f(170)¢/2 + Z/Bf(lvo)r2¢/4

13 ~ ~
+ <—04¢ - 7ﬁ¢> Faorr ¢ + (=9a + 208 — 4y40) f1,07° 8"

4
7,,13¢I

~ 1 1 _
+167' f(1,0) + <_Z%¢ + §ﬂ¢¢> f(1,0)7“2€25'4

/5 3 . S ; -
+i (—ga + §ﬁ> rr'¢” (f(1,1)P - f(1,17)P> +diyr"¢f (f(l,l)p - f(1,71)p>

1 1 1 2.2 (F 24 7 D2
i <—§a +30 - §7¢>¢>> e/ <f(1,2)19 +fa-2p >

with %2 f&k = fsx- It agrees with the Lagrangian (B.J) from dimensional reduction in the

2U s o0, but differs by perturbative terms of order 1/75 and an infinite series

limit 5 = e
of exponentially suppressed terms of order e ™72%7i The former can be attributed to
loops of gravitons running around the compact circle, while the latter can be naturally
attributed to Taub-NUT instantons®: the classical action of these gravitational self-dual
instantons, with topology R? x S' at infinity, scales as the square of the radius of the

2U = 715 in Planck units, and includes a linear coupling to the NUT

compact direction e
scalar ¢ = 7 proportional to the NUT charge.

Thus, we have given a precise realization of the proposal outlined in [RJ], in the toy-
model of Einstein-Liouville gravity compactified on a circle. It is clear that this procedure
works irrespective of the details of the higher-derivative action, provided one has managed
to express it in powers of first derivatives of U and o only (the cone variable r is spectator
in this discussion). It would be interesting to study the fate of the SU(2,1) symmetry of
the Einstein-Maxwell theory (or its extension to Einstein-Maxwell-Liouville theories) along

similar lines.

4. C-map with higher derivative corrections

In this section we give a preliminary discussion of the relation between the higher derivative
amplitudes F; and F} on the vector and hypermultiplet branch, focussing on the simplest
case of a single universal multiplet, ny = 1, and no vector multiplet nyy = 0 in four
dimensions. After dimensional reduction to 3 dimensions, the moduli space consists of
two copies of the quaternionic-Kihler space SU(2,1)/SU(2) x U(1), associated to U, ¢, ¢, o
on the vector side, and ¢, Y, X,a on the hypermultiplet side, where S = a + ie™2? and
Z = x + ix are the two chiral multiplets in the universal hypermultiplet, ¢ being the
four dimensional dilaton. For simplicity, we shall also restrict to the S1(2)/ U(1) sector

5Contributions of Taub-NUT instantons to three-dimensional string theories have been analyzed in [E]
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of these two moduli spaces, retaining only (U,o) and (¢,a). According to [R7, BJ], the
hypermultiplet branch in four dimensions may receive higher-derivative corrections of the
form

VuSVHS | - Vi SVS + Y, SVS

41
52 @ 52 (4.1)

Sy = / d'z/=g1 [
where & is in general a function of all hypermultiplets, receiving a one-loop contribution
plus instanton corrections. In line with our simplifying assumptions, and consistently with
the fact that it arises at one-loop, we shall assume that & is just a constant. Moreover,
we assume that the R? couplings in four dimensions are given by (R.1]) where « is also a
constant, corresponding to a one-loop contribution in string theory, and [ is set to zero.

Upon reducing on a stationary, spherically symmetric metric with flat spatial slices,

dp®> 1
ds* = —e?V(dt + kcos0dyp)? + e~ 2V <p—’i + ?d93> (4.2)
and performing the now standard field redefinitions to eliminate powers of ¢ and a”, the
combined four-dimensional action (B-1) plus (1)) reduces to a one-dimensional Lagrangian
of the form

L=-20"— %e*‘wa/2 — 207 — %e‘lg"a/2 (4.3)

+a 62Up4 (U/4 + 678UJ/4) + d62Up4 (SDI4 + 684; a/4)

where k was dualized into ¢’. In writing ([£3), we have not paid attention to the detailed
form of the higher-derivative interactions, but only exhibited their exponential dependance
on U and ¢. At tree-level, £ is invariant under

U——p, p—-U, oc<a (4.4)

In type II string theory, this symmetry is realized by T-duality along the fourth circle,
which exchanges the vector and hypermultiplet branches in three dimensions. The point
to be emphasized now is that the symmetry (f.4) is broken by the higher-derivative in-
teractions in (), unless both & and & vanish. Indeed, a constant o would imply that

—2¢p—2U

a ~ e , which would correspond to a tree-level (V2S)? contribution which van-

ishes in the decompactification limit U — oo. Similarly, a constant & would imply that

—2¢=2U again a tree-level R? correction vanishing in the decompactification limit.

a~e
Either of these options would be disastrous. Moreover, a puzzling feature of ([.J) is that
the vector and hypermultiplet branches are not decoupled, in contrary to common belief.

These conundrums can be simply avoided by noting that, as shown in section P.J],
there exists a field redefinition scheme which removes any moduli-independent R? correc-
tion. Similarly, there should exist field redefinitions on the hypermultiplet side which allow
to remove any moduli-independent (V25)? coupling. While it is not the goal of this pa-
per to perform a systematic analysis of this problem, we feel that the simple observation
above should serve as a word of caution when trying to understand the relation between

topological amplitudes on the vector and hypermultiplet side.
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